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GENERALIZED COMPLEX MONGE-AMPE`RE TYPE EQUATIONS
ON CLOSED HERMITIAN MANIFOLDS
WEI SUN
Abstract. We study generalized complex Monge-Ampe`re type equations on closed Her-
mitian manifolds. We derive a priori estimates and then prove the existence of solutions.
Moreover, the gradient estimate is improved.
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1. Introduction
Let (M,ω) be a compact Hermitian manifold of complex dimension n ≥ 2 and χ another
Hermitian metric onM . In local coordinate charts, we shall write ω =
√−1∑i,j gij¯dzi∧dz¯j
and χ =
√−1∑i,j χij¯dzi ∧ dz¯j . For a real C2(M) function u, we will use the notation
χu = χ+
√−1∂∂¯u.
For a smooth positive real function ψ on M , we are concerned with the generalized
complex Monge-Ampe`re type equation
(1.1)


χnu = ψ
n∑
α=1
cαχ
n−α
u ∧ ωα,
χu > 0, sup
M
u = 0,
where cα’s are nonnegative real constants, and
∑n
α=1 cα > 0. Following [17, 8, 10], we set
[χ] = {χu : u ∈ C2(M)}, and assume that there is χ′ ∈ [χ] satisfying χ′ > 0 and
(1.2) nχ′n−1 > ψ
n−1∑
α=1
cα(n− α)χ′n−α−1 ∧ ωα.
By an appropriate approximation as in [18], a smooth χ′ is available. Without loss of
generality, we may assume χ = χ′ throughout this paper. If χ and ω are both Ka¨hler and
ψ is a constant, ψ is uniquely determined by
(1.3) ψ = c :=
∫
M
χn∑n
α=1 cα
∫
M
χn−α ∧ ωα .
The generalized complex Monge-Ampe`re type equation is an extension of Donaldson’s
equation [6]. In fact, Donaldson’s equation corresponds to the case that c2 = · · · = cn = 0
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and ψ is constant,
(1.4) χnu = ψχ
n−1
u ∧ ω.
Chen [2] also found the equation when he studied the lower bound of Mabuchi energy. The
equation is studied by Chen [2, 3], Weinkove [28, 29], Song and Weinkove [17] by J-flow.
Their results were extended to the complex Monge-Ampe`re type equations by Fang, Lai
and Ma [8] also using parabolic flow method. More general cases were treated by Guan and
the author [10], the author [18, 20] on Hermitian manifolds using continuity method. Later,
the author [19] reproduced the results in [18] by parabolic flow method. In these works, the
cone condition analogous to condition (1.2) is sufficient and necessary. Moreover, a similar
equation was studied by Pingali [16] on a flat complex 3-torus.
Fang, Lai and Ma [8] stated a conjecture for the solvability of (1.1) under condition (1.2).
Admitting the famous work of Yau [30], Collins and Sze´kelyhidi [5] proved the conjecture
by continuity method starting from the complex Monge-Ampe`re equation. For Donaldson’s
equation on toric manifolds, the result was used to verify a numerical criterion for the exis-
tence of a cone condition, which was proposed by Lejmi and Sze´kelyhidi [13]. In this paper,
we shall adopt piecewise continuity method due to the author [18] to prove general results
without using the solvability results by Yau [30], Cherrier [4], Tosatti and Weinkove [24, 25].
In order to prove the solvability of generalized complex Monge-Ampe`re type equations,
we shall first obtain a priori estimates.
Theorem 1.1. Let (M,ω) be a closed Hermitian manifold of complex dimension n and u
be a smooth solution to the equation (1.1). Suppose that
(1.5) nχn−1 > ψ
n−1∑
α=1
cα(n− α)χn−α−1 ∧ ωα.
Then there are uniform C∞ a priori estimates of u.
In this paper, we shall first prove the uniform estimate and partial second order estimates.
The gradient estimate follows from these estimates and elliptic estimates for the Laplacian,
while it can also be obtained by combining the interior gradient estimate and the uniform
estimate. Adapting the approach of Phong and Sturm [14, 15] and Blocki [1], we shall
improve the gradient estimate due to Guan and the author [10]. Higher order estimates can
be achieved by Evans-Krylov theory [7, 12, 23] and Schauder estimate.
For general Hermitian manifolds, we have the following result.
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Theorem 1.2. Let (M,ω) be a closed Hermitian manifold of complex dimension n and χ
also a Hermitian metric. Suppose that
nχn−1 > ψ
n−1∑
α=1
cα(n− α)χn−α−1 ∧ ωα.
If there is a C2 function v satisfying χv > 0 and
χnv ≤ ψ
n∑
α=1
cαχ
n−α
v ∧ ωα,
then there exist a unique solution u and a unique constant b such that
(1.6)


χnu = e
bψ
n∑
α=1
cαχ
n−α
u ∧ ωα,
χu > 0, sup
M
u = 0.
A corollary immediately follows from Theorem 1.2 and the fact that the inequality (1.2)
does not contain the ωn term.
Corollary 1.3. Let (M,ω) be a closed Hermitian manifold of complex dimension n and χ
also a Hermitian metric. Suppose that
nχn−1 > ψ
n−1∑
α=1
cα(n− α)χn−α−1 ∧ ωα.
Then there is a constant K ≥ 0 such that if cn ≥ K there exists a unique solution u and a
unique constant satisfying the equation (1.6).
Remark 1.4. Corollary 1.3 indeed includes the case of complex Monge-Ampe`re equation,
which has a stronger cone condition than all others.
For Ka¨hler manifolds, we have a stronger result.
Theorem 1.5. Let (M,ω) be a closed Ka¨hler manifold of complex dimension n and χ also
Ka¨hler. Suppose that
nχn−1 > ψ
n−1∑
α=1
cα(n− α)χn−α−1 ∧ ωα.
If ψ ≥ c for all x ∈M where c is defined in (1.3), then there exist a unique solution u and
a unique constant b satisfying the equation (1.6).
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2. Preliminary
We denote by ∇ the Chern connection of g. As in [10, 18], we express
(2.1) X := χu ,
and thus
(2.2) Xij¯ = χij¯ + ∂¯j∂iu .
Also, we denote the coefficients ofX−1 byXij¯ . Recall that Sα(λ) denote the α-th elementary
symmetric polynomial of λ ∈ Rn,
(2.3) Sα(λ) =
∑
1≤i1<···<iα≤n
λi1 · · ·λiα .
Also, λ∗(X) is the eigenvalue set of X with respect to {gij¯} while λ∗(X−1) is the eigenvalue
set of X−1 with respect to {gij¯}. Thus we write Sα(X) = Sα(λ∗(X)) and Sα(X−1) =
Sα(λ
∗(X−1)). For convenience, we shall use Sα to denote Sα(X
−1). In local coordinates,
equation (1.1) can be written in the form
(2.4) F (χu) := −
n∑
α=1
cα
Cαn
Sα = − 1
ψ
,
where Cαn =
n!
(n−α)!α! . For {i1, · · · , is} ⊆ {1, · · · , n},
(2.5) Sk;i1···is(λ) = Sk(λ|λi1=···=λis=0).
By convention, S0;k = 1. Then inequality (1.2) is equivalent to
(2.6)
1
ψ
>
n∑
α=1
cα
Cαn
Sα((χ|k)−1)
for all k, where (χ|k) is the (k, k)-minor matrix of χ in local charts. Moreover, we may
assume
(2.7) ǫω ≤ χ ≤ ǫ−1ω
for some ǫ > 0.
Define F ij¯ := ∂F
∂uij¯
. Assume that at the point p, gij¯ = δij and Xij¯ is diagonal in a specific
chart. Thus F ij¯ is also diagonal at p and
(2.8) F i¯i =
n∑
α=1
cα
Cαn
Sα−1;i(X
i¯i)2.
By direct calculation,
(2.9) F i¯iXi¯i =
n∑
α=1
cα
Cαn
Sα−1;iX
i¯i ≤
n∑
α=1
cα
Cαn
Sα =
1
ψ
,
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and
(2.10)
∑
i
F i¯iXi¯i =
n∑
α=1
cα
Cαn
∑
i
Sα−1;iX
i¯i =
n∑
α=1
αcα
Cαn
Sα ∈
[
1
ψ
,
n
ψ
]
.
Also
(2.11)
∑
i
F i¯i =
n∑
α=1
cα
Cαn
∑
i
Sα−1;i(X
i¯i)2
=
n−1∑
α=1
cα
Cαn
(
SαS1 − (α+ 1)Sα+1
)
+ cnSnS1,
and by generalized Newton-Maclaurin inequalities,
(2.12)
∑
i
F i¯i = S1
n∑
1
αcα
nCαn
Sα ≥ S1
nψ
.
As in [8, 10, 18], differentiating Sα twice and applying the strong concavity of Sα [11],
we have at point p,
(2.13) ∂l(Sα) = −
∑
i
Sα−1;i(X
i¯i)2Xi¯il
and
(2.14) ∂¯l∂l(Sα) ≥
∑
i,j
Sα−1;i(X
i¯i)2Xjj¯Xji¯l¯Xij¯l −
∑
i
Sα−1;i(X
i¯i)2Xi¯ill¯.
Therefore
(2.15) − ∂l
( 1
ψ
)
=
∑
i
F i¯iXi¯il
and
(2.16) ∂¯l∂l
( 1
ψ
)
≥
∑
i,j
F i¯iXjj¯Xji¯l¯Xij¯l −
∑
i
F i¯iXi¯ill¯.
3. The uniform estimate
In this section, we derive the uniform estimate directly by Moser iteration. However, the
C2 estimate in Section 4 also implies a uniform estimate as shown in [24]. Moreover, the
uniform estimate also follows from Proposition 10 in [22].
Theorem 3.1. Let u be a smooth solution to the equation
(3.1)


χmu ∧ ωn−m = ψ
m∑
α=1
cαχ
m−α
u ∧ ωn−m+α,
χu ∈ Γmω ∩ [χ], sup
M
u = 0,
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where 1 ≤ m ≤ n, χ ∈ Γmω is a smooth real (1, 1) form, cα’s are nonnegative real constants
and
∑m
α=1 cα > 0, where Γ
m
ω is the set of all the real (1, 1) forms whose eigenvalue set with
respect to ω belong to m-positive cone in Rn. If
(3.2) mχm−1 ∧ ωn−m > ψ
m−1∑
α=1
cα(m− α)χm−α−1 ∧ ωn−m+α,
there is a constant C such that supM |u| < C.
Following the work of Tosatti and Weinkove [24, 25], it suffices to show that there is a
constant C such that
(3.3)
∫
M
|∂e− p2u|2ωn ≤ Cp
∫
M
e−puωn
for p large enough. We refer the readers to [30, 24, 25, 27] for more details.
Applying the technique in [20, 21], we obtain the following lemma on closed Hermitian
manifolds.
Lemma 3.2. Under the assumptions of Theorem 3.1, inequality (3.3) holds true for some
uniform constants C, p0 such that for all p ≥ p0.
We recall the following two lemmas proven in [21].
Lemma 3.3. Suppose that there are constants Λ ≥ λ > 0 such that χ− λω,Λω − χ ∈ Γmω .
For 2 ≤ k ≤ m, we have
(3.4)
∫ 1
0
(∫
M
e−pu
√−1∂u ∧ ∂¯u ∧ χk−1tu ∧ ωn−k
)
dt
≥ (k − 1)λ
k
∫ 1
0
(∫
M
e−pu
√−1∂u ∧ ∂¯u ∧ χk−2tu ∧ ωn−k+1
)
dt.
and
(3.5)
∫ 1
0
(∫
M
e−puχktu ∧ ωn−k
)
dt ≥ kλ
k + 1
∫ 1
0
(∫
M
e−puχk−1tu ∧ ωn−k+1
)
dt.
The second lemma follows from a lemma of Zhang [31] and Lemma 3.3.
Lemma 3.4. There is a uniform constant C > 0 such that
(3.6)
∣∣∣∣
∫ 1
0
(∫
M
e−puχm−1tu ∧
√−1∂∂¯ωn−m
)
dt
∣∣∣∣
≤Cp
∫ 1
0
(∫
M
e−pu
√−1∂u ∧ ∂¯u ∧ χm−2tu ∧ ωn−m+1
)
dt
+ C
∫ 1
0
(∫
M
e−puχm−2tu ∧ ωn−m+2
)
dt.
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Proof of Lemma 3.2. Consider the integral
(3.7)
I =
∫
M
e−pu
[
(χmu − χm) ∧ ωn−m − ψ
m−1∑
α=1
cα(χ
m−α
u − χm−α) ∧ ωn−m+α
]
=
∫
M
∫ 1
0
e−pu
√−1∂∂¯u ∧
[
mχm−1tu ∧ ωn−m
− ψ
m−1∑
α=1
cα(m− α)χm−α−1tu ∧ ωn−m+α
]
dt.
It is easy to see that for some constant C,
(3.8) I ≤ C
∫
M
e−puχn.
On the other hand, using integration by parts,
(3.9)
I = p
∫ 1
0
∫
M
e−pu
√−1∂u ∧ ∂¯u ∧
[
mχm−1tu ∧ ωn−m
− ψ
m−1∑
α=1
cα(m− α)χm−α−1tu ∧ ωn−m+α
]
dt
− m
p
∫ 1
0
∫
M
e−puχm−1tu ∧
√−1∂∂¯ωn−mdt
+
m
p
∫ 1
0
∫
M
e−pu
√−1∂∂¯χm−1tu ∧ ωn−mdt
+m(m− 1)
∫ 1
0
∫
M
e−pu
√−1∂¯u ∧ ∂χ ∧ χm−2 ∧ ωn−mdt
−m(m− 1)
∫ 1
0
∫
M
e−pu
√−1∂u ∧ ∂¯χ ∧ χm−2 ∧ ωn−mdt
−
m−1∑
α=1
∫ 1
0
∫
M
e−puψ
√−1∂¯u ∧ ∂ηα ∧ χm−α−1tu ∧ ωn−m+α−1dt
−
m−1∑
α=1
cα(m− α)
∫ 1
0
∫
M
e−pu
√−1∂¯u ∧ ∂ψ ∧ χm−α−1tu ∧ ωn−m+αdt,
where c0 = −1 and
(3.10) ηα = cα−1(m− α+ 1)(m − α)χ+ cα(m− α)(n −m+ α)ω.
Because of the concavity of hyperbolic functions, the first term in (3.9) is greater than
(3.11)
2a1p
∫
M
e−pu
√−1∂u ∧ ∂¯u ∧ χm−1 ∧ ωn−m
+2a1p
∫ 1
2
0
∫
M
e−pu
√−1∂u ∧ ∂¯u ∧ χm−1tu ∧ ωn−mdt,
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for some small a1 > 0. Applying Schwarz’s inequality pointwise and Lemma 3.3, we can
find a lower bound for the last five terms in (3.9), for any ǫ1 > 0,
(3.12)
− ǫ1p
∫ 1
0
∫
M
e−pu
√−1∂u ∧ ∂¯u ∧ χm−2tu ∧ ωn−m+1dt
− C1
ǫ1p
∫ 1
0
∫
M
e−puχm−2tu ∧ ωn−m+2dt.
Then we have
(3.13)
I ≥ 2a1p
∫
M
e−pu
√−1∂u ∧ ∂¯u ∧ χm−1 ∧ ωn−m
+ 2a1p
∫ 1
2
0
∫
M
e−pu
√−1∂u ∧ ∂¯u ∧ χm−1tu ∧ ωn−mdt
− m
p
∫ 1
0
∫
M
e−puχm−1tu ∧
√−1∂∂¯ωn−mdt
− ǫ1p
∫ 1
0
∫
M
e−pu
√−1∂u ∧ ∂¯u ∧ χm−2tu ∧ ωn−m+1dt
− C1
ǫ1p
∫ 1
0
∫
M
e−puχm−2tu ∧ ωn−m+2dt.
If m = 2, then when ǫ1 is small enough
(3.14)
I ≥ a1p
∫
M
e−pu
√−1∂u ∧ ∂¯u ∧ χ ∧ ωn−2
− 2
p
∫ 1
0
∫
M
e−puχtu ∧
√−1∂∂¯ωn−2dt− C1
ǫ1p
∫
M
e−puωn.
We only need to control the second term,
(3.15)
− 2
p
∫ 1
0
∫
M
e−puχtu ∧
√−1∂∂¯ωn−2dt
= − 2
p
∫
M
e−puχ ∧√−1∂∂¯ωn−2 +
∫
M
e−pu∂u ∧ ∂¯u ∧ ∂∂¯ωn−2
≥ − C2
p
∫
M
e−puωn − C3
∫
M
e−pu
√−1∂u ∧ ∂¯u ∧ ωn−1.
Choosing p large enough, we obtain
(3.16) I ≥ a1p
2
∫
M
e−pu
√−1∂u ∧ ∂¯u ∧ χ ∧ ωn−2 − C4
p
∫
M
e−puωn.
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If m ≥ 3, we use Lemma 3.4 to control the most troublesome term,
(3.17)
I ≥ 2a1p
∫
M
e−pu
√−1∂u ∧ ∂¯u ∧ χm−1 ∧ ωn−m
+ 2a1p
∫ 1
2
0
∫
M
e−pu
√−1∂u ∧ ∂¯u ∧ χm−1tu ∧ ωn−mdt
− C5
∫ 1
0
∫
M
e−pu
√−1∂u ∧ ∂¯u ∧ χm−2tu ∧ ωn−m+1dt
− ǫ1p
∫ 1
0
∫
M
e−pu
√−1∂u ∧ ∂¯u ∧ χm−2tu ∧ ωn−m+1dt
− C6
p
∫ 1
0
∫
M
e−puχm−2tu ∧ ωn−m+2dt.
Note that C6 depends on ǫ1. As shown in [21], if p is sufficiently large,
(3.18)
1
p
∫ 1
0
∫
M
e−puχm−2tu ∧ ωn−m+2dt
≤C7
∫ 1
0
∫
M
e−pu
√−1∂u ∧ ∂¯u ∧ χm−3tu ∧ ωn−m+2dt
+
2
p
∫
M
e−puχm−2 ∧ ωn−m+2.
And thus
(3.19)
I ≥ 2a1p
∫
M
e−pu
√−1∂u ∧ ∂¯u ∧ χm−1 ∧ ωn−m
+ 2a1p
∫ 1
2
0
∫
M
e−pu
√−1∂u ∧ ∂¯u ∧ χm−1tu ∧ ωn−mdt
− C5
∫ 1
0
∫
M
e−pu
√−1∂u ∧ ∂¯u ∧ χm−2tu ∧ ωn−m+1dt
− ǫ1p
∫ 1
0
∫
M
e−pu
√−1∂u ∧ ∂¯u ∧ χm−2tu ∧ ωn−m+1dt
− C8
∫ 1
0
∫
M
e−pu
√−1∂u ∧ ∂¯u ∧ χm−3tu ∧ ωn−m+2dt
− 2C6
p
∫
M
e−puχm−2 ∧ ωn−m+2.
Using Lemma 3.3 and the fact
(3.20)
∫ 1
0
∫
M
e−pu
√−1∂u ∧ ∂¯u ∧ χm−2tu ∧ ωn−m+1dt
≤ 2m−1
∫ 1
2
0
∫
M
e−pu
√−1∂u ∧ ∂¯u ∧ χm−2tu ∧ ωn−m+1dt,
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we can choose ǫ1 small enough and then p large enough such that
(3.21)
I ≥ 2a1p
∫
M
e−pu
√−1∂u ∧ ∂¯u ∧ χm−1 ∧ ωn−m
− 2C6
p
∫
M
e−puχm−2 ∧ ωn−m+2.

4. The second order estimate
In this section, we prove the partial second order estimates. Note that the sharp form of
estimates also implies the uniform estimate as shown in [24].
In order to obtain the second order estimate, we need the following lemma. There are
more general statements by Guan [9], Collins and Sze´kelyhidi [5], Sze´kelyhidi [22] respec-
tively. However, for completeness we include a proof following [8, 5].
Lemma 4.1. There are constants N , θ > 0 such that when w > N at a point p,
(4.1)
∑
i
F i¯iui¯i ≤ −θ
(∑
i
F i¯i + 1
)
,
under coordinates around p such that gij¯ = δij and Xij¯ is diagonal at the point p.
Proof. Without loss of generality, we may assume that X11¯ ≥ · · · ≥ Xnn¯. By direct calcu-
lation,
(4.2)
∑
i
Sα−1;i(X
i¯i)2ui¯i ≤ αSα − ǫ
∑
i
Sα−1;i(X
i¯i)2 ≤
(
1− ǫ
n
S1
)
αSα,
which means that if the inequality (4.1) does not hold for any θ > 0,
(4.3)
∑
i
X i¯i ≤ 2n
ǫ
.
Then we have
(4.4) X11¯ ≥ · · · ≥ Xnn¯ ≥
ǫ
2n
.
Now we follow the argument in [5]
(4.5)
∑
i
F i¯iui¯i ≤
n∑
α=1
cα
Cαn
∑
i
Sα−1;i(X
i¯i)2Xi¯i −
n∑
α=1
cα
Cαn
∑
i
Sα−1;1i(X
i¯i)2χi¯i
≤
n∑
α=1
(α− 1)cα
Cαn
(Sα − Sα;1)−
n∑
α=1
cα
Cαn
(Sα;1 − Sα((χ|1)−1)).
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Then by the condition (1.5) there is a constant σ > 0 such that
(4.6)
n∑
α=1
cα
Cαn
∑
i
Sα−1;i(X
i¯i)2ui¯i ≤ −
σ
ψ
+
n∑
α=1
αcα
Cαn
(Sα − Sα;1)
= −σ
ψ
+
n∑
α=1
αcα
Cαn
X11¯Sα−1;1
≤ −σ
ψ
+
n∑
α=1
α2cα
n
(
2n
ǫ
)α−1
X11¯.
So if X11¯ is large enough, we achieve the inequality (4.1).

Proposition 4.2. Let u ∈ C4(M) be a solution to equation (1.1) and w = ∆ωu + trωχ.
Then there are uniform positive constants C and A such that
(4.7) sup
M
w ≤ CeA(u−infM u),
where C, A depend on the given geometric quantities.
Proof. The proof follows the argument in [18] closely, so we give a sketch here. Let us
consider the function lnw + φ where
(4.8) φ := −Au+ 1
u− infM u+ 1 = −Au+ E1
by a trick due to Phong and Sturm [14]. Without loss of generality, we assume C,A ≫ 1
throughout this section. We may also assume that w≫ 1.
Suppose that lnw + φ attains its maximal value at some point p ∈ M . Choose a local
chart near p such that gij¯ = δij and Xij¯ is diagonal at p. As in [4, 26, 18], direct calculation
shows that
(4.9)
∑
i,j,l
Sα−1;i(X
i¯i)2Xjj¯Xji¯l¯Xij¯l −
∑
i,l
Sα−1;i(X
i¯i)2Xi¯ill¯
≥w
∑
i
Sα−1;i(X
i¯i)2∂¯i∂iφ− 2
w
∑
i,j
Sα−1;i(X
i¯i)2Re{
∑
k
Tˆ kijχkj¯ ∂¯iw}
− αC1Sα − C2w
∑
i
Sα−1(X
i¯i)2
where Tˆ denotes the torsion with respect to the Hermitian metric χ. It is easy to see that
(4.10) ∂iφ = −(A+ E21)ui
and
(4.11) ∂¯i∂iφ = −(A+ E21)ui¯i + 2E31 |ui|2.
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Then, we have
(4.12)
w
∑
i
Sα−1;i(X
i¯i)2∂¯i∂iφ
= 2E31w
∑
i
Sα−1;i(X
i¯i)2|ui|2 − (A+ E21)w
∑
i
Sα−1;i(X
i¯i)2ui¯i,
and
(4.13)
2
∑
i,j
Sα−1;i(X
i¯i)2Re
{∑
k
Tˆ kijχkj¯∂¯iφ
}
≥ − wE31
∑
i
Sα−1;i(X
i¯i)2|ui|2 − C3A
2
wE31
∑
i
Sα−1;i(X
i¯i)2.
Therefore,
(4.14) C2w
∑
i
F i¯i + C4 ≥ −(A+ E21)w
∑
i
F i¯iui¯i −
C3A
2
wE31
∑
i
F i¯i.
For A ≫ 1 which is to be determined later, there are two cases in consideration: (1)
w > AE
− 3
2
1 ≥ A > N , where N is the crucial constant in Lemma 4.1; (2) w ≤ AE
− 3
2
1 .
In the first case, by Lemma 4.1,
(4.15) (C2 + C3)w
∑
i
F i¯i + C4 ≥ Awθ
(∑
i
F i¯i + 1
)
.
This gives a bound w ≤ 1 at p if we choose Aθ > max{C2 + C3, C4}. It contradicts the
assumption w ≫ 1.
In the second case,
(4.16) weφ ≤ weφ|p ≤ AE−
3
2
1 e
−Au+1|p ≤ Ae2e−A infM u
and hence
(4.17) w ≤ Ae2eAu−E1−A infM u ≤ Ae2eAu−A infM u ≤ CeA(u−infM u).

5. The gradient estimate
In this section, we provide a direct gradient estimate.
Proposition 5.1. Let u ∈ C3(M) be a solution to equation (1.1). Then there are uniform
positive constants C and A such that
(5.1) sup
M
|∇u|2 ≤ CeA(u−infM u),
where C, A depend on the given geometric quantities.
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Proof. Let us consider the function ln |∇u|2 + φ where φ is to be specified later. Suppose
that ln |∇u|2 + φ attains its maximal value at some point p ∈ M . We may assume that
|∇u|2 ≥ 1. Choose a local chart near p such that gij¯ = δij and Xij¯ is diagonal at p.
Therefore we have at the point p,
(5.2)
∂i(|∇u|2)
|∇u|2 + ∂iφ = 0,
(5.3)
∂¯i(|∇u|2)
|∇u|2 + ∂¯iφ = 0,
and
(5.4)
∂¯i∂i(|∇u|2)
|∇u|2 −
|∂i(|∇u|2)|2
|∇u|4 + ∂¯i∂iφ ≤ 0.
Direct calculation shows that
(5.5) ∂i(|∇u|2) =
∑
k
(ukuk¯i + ukiuk¯),
and
(5.6)
∂¯i∂i(|∇u|2) =
∑
k
(uki¯uk¯i + ukiuk¯i¯ + uki¯iuk¯ + ukuk¯i¯i)
=
∑
k
|uki|2 +
∑
k
∣∣∣uk¯i −∑
l
T kilul¯
∣∣∣2 + 2∑
k
Re
{
Xi¯ikuk¯
}
− 2
∑
k
Re
{
χi¯ikuk¯
}
+
∑
k
Ri¯ikl¯uluk¯ −
∑
k
∣∣∣∑
l
T kilul¯
∣∣∣2.
Substituting (5.6) into (5.4),
(5.7)
|∇u|2
∑
k
|uki|2 − |∂i(|∇u|2)|2 + |∇u|4∂¯i∂iφ
≤ −2|∇u|2
∑
k
Re
{
Xi¯ikuk¯
}
+ 2|∇u|2
∑
k
Re
{
χi¯ikuk¯
}
− |∇u|2
∑
k
Ri¯ikl¯uluk¯ + |∇u|2
∑
k
∣∣∣∑
l
T kilul¯
∣∣∣2
≤ −2|∇u|2
∑
k
Re
{
Xi¯ikuk¯
}
+ C1|∇u|4.
By Schwarz inequality,
(5.8)
∑
i
F i¯i
∣∣∣∑
k
ukiuk¯
∣∣∣2 ≤ |∇u|2∑
i
F i¯i
∑
k
|uki|2.
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By (5.5),
(5.9)
∣∣∣∑
k
ukiuk¯
∣∣∣2 = ∣∣∣∂i(|∇u|2)−∑
k
ukuk¯i
∣∣∣2
= |∂i(|∇u|2)|2 +
∣∣∣∑
k
ukuk¯i
∣∣∣2
− 2Xi¯iRe
{
∂i(|∇u|2)ui¯
}
+ 2Re
{
∂i(|∇u|2)
∑
k
χki¯uk¯
}
.
Substituting (5.9) and (5.2) into (5.8),
(5.10)
∑
i
F i¯i
(
|∇u|2
∑
k
|uki|2 − |∂i(|∇u|2)|2
)
≥ 2|∇u|2
∑
i
F i¯iXi¯iRe
{
∂iφui¯
}
− 2|∇u|2
∑
i
F i¯iRe
{
∂iφ
∑
k
χki¯uk¯
}
.
Applying (5.7), we obtain
(5.11)
C2
|∇u| + C1
∑
i
F i¯i ≥
∑
i
F i¯i∂¯i∂iφ+
2
|∇u|2
∑
i
F i¯iXi¯iRe
{
∂iφui¯
}
− 2|∇u|2
∑
i
F i¯iRe
{
∂iφ
∑
k
χki¯uk¯
}
.
Set
φ := −A(u− inf
M
u) +
1
u− infM u+ 1 = −A(u− infM u) + E1.
Then
(5.12) ∂iφ = −(A+ E21)ui,
and
(5.13) ∂¯i∂iφ = −(A+ E21)ui¯i + 2E31 |ui|2.
So it follows from (5.11),
(5.14)
C2
|∇u| + C1
∑
i
F i¯i +
2(A + E21)
|∇u|2
∑
i
F i¯iXi¯i|ui|2
− 2(A+ E
2
1)
|∇u|2
∑
i
F i¯iRe
{
ui
∑
k
χki¯uk¯
}
≥ −(A+ E21)
∑
i
F i¯iui¯i + 2E
3
1
∑
i
F i¯i|ui|2.
There are two cases: (1) w ≤ N and (2) w > N .
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In the first case, we know that there is c1 > 0 such that
1
c1
≥ Xi¯i ≥ c1 for i = 1, · · · , n.
So for some σ1 > 0,
(5.15)
1
σ1
≥ F i¯i ≥ σ1.
Therefore
(5.16)
C2
|∇u| +
nC1
σ1
+
2n(A+ 1)|χ|
σ1
+
(n+ 2)(A + 1)
ψ
≥ ǫ(A+E21)
∑
i
F i¯i + 2σ1E
3
1 |∇u|2,
and hence
(5.17) |∇u|2 ≤ C3(A+ 1)(u− inf
M
u+ 1)3.
In the second case,
(5.18)
C2
|∇u| + C1
∑
i
F i¯i +
2(A + E21)
|∇u|2
∑
i
F i¯iXi¯i|ui|2
− 2(A+ E
2
1)
|∇u|2
∑
i
F i¯iRe
{
ui
∑
k
χki¯uk¯
}
≥ (A+ E21)θ
(∑
i
F i¯i + 1
)
+ 2E31
∑
i
F i¯i|ui|2.
If A ≥ 2(C1+C2)
θ
,
(5.19)
2(A+ E21)
|∇u|2
∑
i
F i¯iXi¯i|ui|2 −
2(A+ E21)
|∇u|2
∑
i
F i¯iRe
{
ui
∑
k
χki¯uk¯
}
≥ (A+ E
2
1)θ
2
(∑
i
F i¯i + 1
)
+ 2E31
∑
i
F i¯i|ui|2.
By Schwarz’s inequality,
(5.20)
∣∣∣∣∣2(A+ E
2
1)
|∇u|2
∑
i
F i¯iRe
{
ui
∑
k
χki¯uk¯
}∣∣∣∣∣
≤ (A+ E
2
1)θ
4
∑
i
F i¯i + C4
(A+ E21)
|∇u|2
∑
i
F i¯i|ui|2,
and hence
(5.21)
2(A +E21)
|∇u|2
∑
i
F i¯iXi¯i|ui|2 + C4
(A+ E21)
|∇u|2
∑
i
F i¯i|ui|2
≥ (A+ E
2
1)θ
4
∑
i
F i¯i +
(A+ E21)θ
2
+ 2E31
∑
i
F i¯i|ui|2.
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Then we have either
(5.22) |∇u|2 ≤ C4(A+ 1)
2
(u− inf
M
u+ 1)3,
or
(5.23)
θ
8
∑
i
F i¯i ≤ 1|∇u|2
∑
i
F i¯iXi¯i|ui|2.
In the later case, S1 ≤ 8nθ , which implies that X i¯i < 8nθ for i = 1, · · · , n. Back to (5.21), we
control the first term
(5.24)
ǫ1(A+ E
2
1)max
i
n∑
α=1
cα
Cαn
Sα−1;i +
(A+ E21)
ǫ1|∇u|2
∑
i
F i¯i|ui|2 + C4 (A+ E
2
1)
|∇u|2
∑
i
F i¯i|ui|2
≥ (A+E
2
1)θ
4
∑
i
F i¯i +
(A+ E21)θ
2
+ 2E31
∑
i
F i¯i|ui|2.
Setting
ǫ1 =
θ
2
∑n
α=1
cαα
n
(
8n
θ
)α−1 ,
then
(5.25) C5
(A+ E21)
|∇u|2
∑
i
F i¯i|ui|2 ≥ (A+ E
2
1)θ
4
∑
i
F i¯i + 2E31
∑
i
F i¯i|ui|2.
So we obtain
(5.26) |∇u|2 ≤ C5(A+ 1)
2
(u− inf
M
u+ 1)3.
Therefore, no matter in case (1), case (2) or |∇u|2 ≤ 1, we have at the point p,
(5.27) |∇u|2 ≤ C(u− inf
M
u+ 1)3,
if A is chosen sufficiently large. Without loss of generality, we may assume that ln |∇u|2+φ ≥
0, otherwise the proof is done. Thus
(5.28) ln |∇u|2 + 1 ≥ A(u− inf
M
u).
Substituting (5.28) into (5.27),
(5.29) |∇u|2 ≤ C6(ln |∇u|+ C7)3,
which implies that |∇u(p)|2 is bounded by a uniform constant C8. Thus
(5.30) ln |∇u|2 + φ ≤ ln |∇u|2 + φ
∣∣∣
x=p
≤ lnC8 + φ(p),
and hence
(5.31) ln |∇u|2 ≤ Au− 1
u− infM u+ 1 + lnC8 −Au(p) +
1
u(p)− infM u+ 1
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
6. Solving the equations
In this section, we give proofs of the solvability results stated in introduction section.
Proof of Theorem 1.2. First, we assume that v is smooth. Define ϕ by
(6.1) χnv = ϕ
n∑
α=1
cαχ
n−α
v ∧ ωα.
We use the continuity method and consider the family of equations
(6.2) χnut = ψ
tϕ1−tebt
n∑
α=1
cαχ
n−α
ut
∧ ωα, for t ∈ [0, 1],
where χut > 0 and bt is a constant for each t. We consider the set
(6.3) T := {t′ ∈ [0, 1] | ∃ ut ∈ C2,α(M) and bt solving (6.1) for t ∈ [0, t′]}.
As shown in [18], the continuity method works if we can guarantee: (1) 0 ∈ T ; (2) we
have uniform C∞ estimates for all ut. The first requirement is naturally met; for the second
requirement, we only need to show that ψtϕ1−tebt ≤ ψ for all t ∈ [0, 1]. At the maximum
point of ut − v, we have ψtϕ1−tebt ≤ ϕ, and thus bt ≤ 0. Therefore ψtϕ1−tebt ≤ ψ.
Second, if v is not smooth, we can smoothen v and replace ψ by (1 + δ)ψ for some very
small δ > 0.

Proof of Theorem 1.5. Define ϕ by
(6.4) χn = ϕ
n∑
α=1
cαχ
n−α ∧ ωα.
Definitely,
(6.5) nχn−1 > ϕ
n−1∑
α=1
cα(n− α)χn−α−1 ∧ ωα.
Therefore, we can find a C2 function h satisfying h(x) ≥ max{ϕ(x), ψ(x)} for all x ∈ M
and
(6.6) nχn−1 > h
n−1∑
α=1
cα(n − α)χn−α−1 ∧ ωα.
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Since h ≥ ϕ, by Theorem 1.2, there exists a solution u0 and a constant b0 ≤ 0 such that
(6.7) χnu0 = e
b0h
n∑
α=1
cαχ
n−α
u0
∧ ωα.
Now we apply continuity method again from χu0 and consider the family of equations
(6.8) χnut = ψ
th1−tebt
n∑
α=1
cαχ
n−α
ut
∧ ωα, for t ∈ [0, 1].
According to the argument in [18], we only need to show that ψth1−tebt ≤ h for all t ∈ [0, 1].
Note that, we use the new condition (6.8) to obtain C∞ estimates.
Integrating equation flow (6.8),
(6.9)
∫
M
χn = ebt
n∑
α=1
∫
M
ψth1−tcαχ
n−α
ut ∧ ωα
≥ ebtc
n∑
α=1
cα
∫
χn−α ∧ ωα,
which implies bt ≤ 0. Therefore,
(6.10) ψth1−tebt ≤ ψth1−t ≤ h.

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